We give a brief overview of black hole entropy, covering a few main developments since Bekenstein's original proposal 1 .
Black hole entropy
The idea that black holes have an entropy proportional to the area has been a remarkable realization [1] . It is a surprising confluence of statistical mechanics, quantum mechanics, special relativity and gravity. This can be seen clearly by restoring all the constants normally set to one in the black hole entropy formula [1, 2] S = (Area) horizon 4l
2 Planck
The formula is most remarkable because a black hole is just a solution of the Einstein equations, which are classical 2 . This formula, together with Einstein equations is consistent with the first law of thermodynamics [4] δM = T δS (1.2) where M is the mass of the black holes and T is the temperature of the black hole, given by Hawking's formula [2] . The fact that the area of the horizon increases [5] is consistent with the 2 nd law of thermodynamics [6] . It also shows that (1.1) is a coarse grained entropy, which is the kind of entropy that increases under the second law.
These results show that black holes behave as ordinary thermal systems for an observer who remains outside the black hole. They further suggest that in the full quantum theory, an outside observer, could view the black hole as an ordinary quantum system. Finding ways to realize this idea was a central topic of research in the past forty years.
Bekenstein proposed a generalized second law for the total entropy, given by the area of the horizon plus the entropy outside the horizon [6] S total = (Area) 4l
2 Planck + S matter outside (1. 3)
The validity of this generalized second law seems to imply some constraints on the entropic content of matter [7] . This arises from a thought experiment involving matter falling into a black hole. If we call S m the entropy of the in-falling matter, we find that the entropy of the outside decreased by S m . However, the area of the black hole increased, as implied by (1.2), δS BH = δE m /T . So the generalized second law of thermodynamics would be obeyed if this later quantity is larger than S m . This implies that there should be an upper bound on the entropy content in terms of the energy. Matter with some entropy should necessarily carry some energy. Now, this should hold for matter that is close to the black hole horizon. An important property of black holes is that the asymptotic time translation symmetry acts as a boost in the near horizon region. Namely, near the horizon we can define coordinates x ± where the radial and time direction has a usual flat space geometry
The horizons are at x ± = 0 (past and future horizons). The asymptotic time translation symmetry that shifts the asymptotic time t acts as a boost in the x ± plane. We can normalize the boost generator so that x + has eigenvalue one. In terms of Rindler coordinates, x ± = ±re ±τ the boost generator is conjugate to τ time translations. The time τ is related to the asymptotic time t by
where T is the Hawking temperature. The precise rescaling is obtained from the full black hole geometry and (1.4) is then the expression for the Hawking temperature in terms of the black hole parameters. In other words, in terms of the time τ the inverse Hawking temperature is 2π, so that the physical value of the temperature measured at infinity comes purely from the rescaling of the two time coordinates. The same rescaling factor appears in the energy measured with respect to time t versus the boost energy measured with respect to time τ
where B is the energy measured with respect to time τ , and is equal to the boost generator near the horizon. Then the necessary condition for obeying the second law is that
where B m is the boost eigenvalue of the matter. Bekenstein's formulation of the bound involved bounding the entropy in terms of the energy and the size R of the system [7] . However, (1.6) is a more precise form of the bound, it is what can be proven and it is also what we need for the second law. It was suspected for many years that (1.6) would imply some restriction on the types of QFT that can be coupled to gravity. However, it was shown by Casini [8] , building on previous ideas by [9, 10] , that a version of (1.6) is actually true in any relativistic quantum field theory.
Before discussing the proof, it is necessary to notice that (1.6) has an in the left hand side. So the bound is trivially obeyed in the classical limit. In order to get close to saturating the bound it is necessary to consider quantum effects. In relativistic quantum field theory we cannot localize particles or excitations. Therefore, in order to talk about a bound like (1.6) we need to define things more precisely. In fact, the proper quantum version involves the Von Neumann entropy of the quantum field theory state restricted to the right Rindler wedge. This Von Neumann entropy is sometimes called "entanglement" entropy since it arises because we are dividing a pure state into two parts, one outside the horizon and the other inside. We can compute this entropy for the state in question, containing some matter, and we subtract the same quantity for the vacuum to form the difference ∆S. Then the bound is [8] ∆S ≤ 2π ∆B
( 1.7) where ∆B is the expectation value of the Boost generator in the state in question minus its expectation value in the vacuum. There are divergencies when we compute the entropies but these cancel when we compute the differences. There can be some remaining ambiguities in the definition of the entropy but these are the same as the ambiguities defining the precise form of the boost generator on the half space. It turns out that (1.7) is the same as the positivity of relative entropy [8] . Equivalently, we can think of the vacuum as thermal state on the Rindler wedge. Then (1.7) reduces to the statement that the difference in free energy between the state in question and the vacuum is positive, which is true since the thermal equilibrium state minimizes the free energy.
Another set of ideas that grew out of Bekenstein's bound is summarized in [11] , and will not be discussed here.
In recent years the discussion of black hole thermodynamics has been extended to the semiclassical domain, where we consider also quantum fields and include their entropy. In that case, a more precise version of black hole entropy includes also the Von Neumann entropy of the quantum fields outside the black hole horizon [12] 
where the dots are some extra pieces that we will not discuss in detail here, having to do with extra Wald terms [13] and counterterms. This a more precise version of (1.3). It is the correct expression up to order G 0 N in the semiclassical expansion. Note that while (1.1) depends only on gravity, (1.8) depends also on the type of matter fields that we have in the theory. Using the monotonicity of relative entropy, A. Wall, has argued [14] that the second law of black hole thermodynamics holds for (1.8) . This shows that no new inequality is needed from matter other than the ones that follow from the fact that matter is described by relativistic quantum field theory.
The fact that black hole entropy exists, and obeys the second law, can be viewed as evidence that black holes should have a unitary description as viewed from the outside. Otherwise, if unitarity were preserved only after adding a second asymptotic region beyond the horizon, then why couldn't entropy simply disappear into that region?
The search for black hole microstates
We can think of the formula for black hole entropy as a kind of "experimental" result, analogous to the entropy that an experimentalist would measure on a real world material by staring from zero temperature and putting in energy slowly to get it to a desired final sate, and computing the entropy from the first law. Since the work of Boltzmann we expect that entropy should be associated to the number of microstates of the system. So the question is: what are the microstates that give rise to the entropy of black holes?. One would expect that these microstates should be a fairly universal since, at leading order, the entropy is independent of the details of the matter theory.
The most naive picture for these microstates comes from simply computing the Von Neumann entropy of the quantum fields outside the black hole. This gives a UV divergent quantity going like [12] S V.N. = (Area)
where is the UV cutoff. We can view this as the entropy of the hot atmosphere near the black hole horizon. In the semiclassical approximation we should always choose the cutoff to be larger than l P lanck . Therefore (2.9) is smaller than (1.1). However, this has not prevented speculation that perhaps by some suitable principle we would find a cutoff procedure that would reproduce the black hole entropy. The most precise ideas in this direction involve using a Pauli-Villars type regulator for the fields and viewing the Newton constant as arising as in induced gravity, see e.g. [15] . This has the drawback that the UV sensitive terms come from ghosts. A more correct and solid point of view is to think of (2.9) as part of a correction to black hole entropy and view the divergent term as a term that is cancelled by a similar renormalization of the Newton constant, which leads to a second area term included in the dots in (1.8) that cancels the divergent terms in (2.9). This cancellation is automatic when we compute the free energy and the entropy using euclidean methods [16] . But this still leaves us without a concrete picture for the microstates. Nevertheless it suggests that they are related to states that exist near the horizon and near the UV of the bulk. These are states that do not have an explicit, calculable description, within the regime that gravity is a good approximation. Of course, the black hole entropy formula still somehow "knows" about them.
Black hole entropy in string theory

Perturbative string theory
The above discussion suggests that in a UV finite theory of gravity perhaps the Von Neumann entropy is finite and it accounts for the full entropy of the black hole. String theory is definitely UV finite [17] . Unfortunately, it is not know how to compute the Von Neumann entropy of a subregion. It had been speculated that perhaps the black hole entropy is related to the entropy of open strings ending on the horizon [18] . Though this is an attractive idea, to the best of my knowledge, there is no precise computation of the entropy along these lines. However, there are two more indirect approaches to compute black hole entropy in string theory which we discuss below.
Black hole entropy for supersymmetric black holes
A very fruitful set up involves the computation of the entropy of extremal black holes in supersymmetric gravity theories arising from string theory compactifications [19] . Extremal black holes are a type of charged black hole. A non-singular charged black hole obeys the condition M ≥ Q (in some units). An extremal black hole obeys M = Q. In sufficiently supersymmetric theories this sometimes coincides with a BPS bound [20] . A BPS bound is a bound that arises from the supersymmetry algebra, and it also has the form M ≥ Q. States saturating this bound are specially protected, in the sense that supersymmetry implies that their number does not change when we change the coupling constants of the theory. By changing the coupling we can start with a black hole solution and turn it into in a weakly coupled collection of strings and D-branes [21] . We will not describe in detail what D-branes are. The important point is that they are objects that obey clear and simple rules. These objects can be assembled in a large number of quantum states, set by their total charge. For large charges, this number agrees precisely with the one expected from the Bekenstein-Hawking black hole entropy formula [19] . This counting has been done with increasing degree of precision. Quantum corrections as in (1.8) have been matched. Most recently it was understood how to perform the gravity computation in a non-perturbative fashion in order to reproduce the precise counting of microstates [22] . See [23] for a review and further references. Of course, such computations depend on the details of the theory because the entropy of black holes does indeed depend on the details when once we go beyond the area term.
This has been a great success and it gives us confidence that string theory is a fully consistent theory of quantum gravity.
Black hole entropy from the gauge/gravity duality
Black hole entropy can also be studied from the point of view of the gauge/gravity duality [24, 25, 26] . This is a relationship that equates gravity in asymptotically anti-de-Sitter (AdS) boundary conditions with a strongly coupled conformal field theory. A black hole in AdS is equated with a thermal state in the conformal field theory. This state is a hot fluid of strongly interacting particles. The entropy of the black hole is equated to the entropy of this fluid in the quantum field theory. In general, this is difficult to compute because the field theory is strongly coupled. A particularly simple case is the three dimensional case, AdS 3 . Here the boundary is 1 + 1 dimensional and the powerful conformal symmetry can be used to compute the thermal entropy as [27] 
where L is the size of the boundary region, T is the temperature and c is the so called central charge of the two dimensional conformal field theory. This central charge can be computed also in the gravity theory [28] ,
So, one can start from the gravity theory, compute the central charge, assume that the theory has a unitary realization as a CFT and then compute the black hole entropy [29] . Another approach has been to compute the entropy (or energy) numerically in the quantum mechanical description [30] . This was done for an interacting matrix quantum mechanics theory [31] that has a gravity dual [32] . This has the advantage of being a direct computation, without any reliance on conformal symmetry. In fact, this quantum mechanical model is not conformal invariant.
A feature of these calculations is that they provide the entropy of the full spacetime, including both the black hole and the full spacetime outside. As presently understood, these formulas do not allow a clean separation between the black hole degrees of freedom and those of the outside region.
Fine grained gravitational entropy
As we mentioned before, the entropy computed by the Bekenstein-Hawking formula should be interpreted as a coarse grained entropy, since it grows under time evolution, obeying the second law of thermodynamics. One can wonder whether there is any formula that computes the full von Neumann entropy of the microscopic density matrix. In fact, such a formula was proposed by Ryu and Takayanagi [33] and Hubeny-Rangamani-Takayanagi [34] (HRT). Their prescription is to find an extremal surface in the whole geometry. A surface which has minimal area on a given spacelike slice but has maximal area among all possible spacelike slices [35] . This prescription becomes particularly interesting for spacetimes containing a black hole which is connected through the interior to a second asymptotic region. An example is the standard eternal Schwarzschild black hole, which is the maximal analytic extension of the Schwarzschild solution containing two asymptotic regions, see figure 1(a). These configurations can be viewed as entangled black holes [36, 37] . In this case the extremal surface is the bifurcation surface and it sits at the horizon. A more interesting case arises when we consider a deformation of this geometry obtained by adding matter that falls into the two black holes, see figure 1(b). In this case the Penrose diagram becomes more elongated and the extremal surface area is smaller than the area of the horizon. Furthermore, the extremal surface is a property of the full spacetime geometry. Therefore, it is time independent, a fact which is related to the constancy of the fine grained entropy of the system under unitary evolution. An interesting aspect of the extremal surface (or HRT) surface is that it typically sits behind the event horizon, see figure 1(b) .
The HRT formula is even more remarkable that the Bekenstein-Hakwing formula because it knows about the microscopic entropy of the system. In other words, one might think that gravity is "just" a hydrodynamic or thermodynamic approximation to the exact system. However, the HRT formula shows that gravity knows about the microscopic von Neumann entropy of the system. In the context of holography, the HRT formula can be used to compute the entanglement entropy of subregions of the boundary quantum field theory. This has been useful for two reasons. First, it has provided a tool for studying the entanglement patterns of strongly coupled field theories. The lessons from these holographic theories serve as interesting examples in order to understand the problem in more general theories. Second, the fact that the entropy is given by a simple geometric quantity suggests that entanglement plays a crucial role in determining the geometry of spacetime. It has the geometry of a non-traversable wormhole connecting two regions that look like the exterior geometry of a black hole. These regions are sharing the interior regions. In this case, the extremal surface E sits at the event horizon H, whose area is time independent. (b) We consider a configuration where we add extra matter falling into the black holes, represented here by the arrows. Now the event horizon area is a minimum at H e and grows towards its late times H l , with A H l > A He as implied by the area theorem. The extremal surface is inside the wormhole and has a smaller area A E < A He < A H l .
Conclusions
Black hole entropy has been a central object of interest in the exploration of quantum aspects of gravity. The generalized entropy was defined in the quantum theory and the generalized second law was proven. This proof works for any matter theory described by relativistic quantum field theory, no further constraint on matter was necessary. In particular, a version of the Bekenstein bound (1.7) is automatically obeyed for any quantum field theory.
Through string theory we can now identify the black hole microstates. There are two broad ways to do this. One involves supersymmetric black holes, where one can count the states by going to a weakly coupled limit without losing any states. The other involves black holes in special spaces, such as anti-de-Sitter spacetimes, where one can find a dual formulation in terms of a strongly interacting theory on the boundary. In this case, the black hole looks like a hot fluid on the boundary theory and the entropy is the entropy of this fluid. This describes the entropy of both the black hole and the spacetime around it. This boundary description is manifestly unitary. So, if we believe the duality we conclude that black holes preserve information.
The entropy defined in terms of the area of the event horizon is a coarse grained entropy. A fined grained notion of entanglement entropy was also recently defined [33, 34] and has become a very useful window into the quantum mechanics of spacetime.
An important open problem is to describe the black hole interior in the full quantum theory. In other words, we would like to be able to describe the interior using the same variables in which we describe the microstates with their unitary dynamics. In fact, several paradoxes arise in some naive approaches to this problem [38, 39] .
